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Some classical types of waves on shallow water are investigated using the Boussinesq equation in polar coordinates. In these
coordinate, normal perturbation theory methods lead to overdetermined systems of linear algebraic equations for unknown
coefficients. It is shown that, the special cases examined, these equations are compatible, which makes it possible to construct
solutions of Boussinesq equation with the same accuracy as that with which the equation was obtained. The velocity potential
specified on the bottom and the function specifying the free surface of the water are expanded in a Fourier series in terms of
time. The coefficients of their first two harmonics are expressed explicitly as polynomials in Bessel functions with coefficients in
the form of elementary functions of the polar coordinates. © 2004 Elsevier Ltd. All rights reserved.

1. INTRODUCTION

Lamb [1, Sections 191-195] examines (in polar coordinates », ) at least three special cases of long,
linear, three-dimensional waves: (1) axisymmetrical waves propagating over a horizontal bottom and
caused by a periodic energy source [see below, formula (1.2)]; (2) the simplest non-axisymmetrical wave
motion [formula (1.3)] in a circular tank; (3) rough model of 12-hour rising tides in a basin at the Earth’s
pole, bounded by a small circle of latitude [formula (1.4)].

Below, the solutions obtained for the Boussinesq equation are found with the same accuracy as that
with which the equation was derived and can be regarded as non-linear corrections to the classical linear
solutions mentioned.

On changing of the Boussinesq equation there is a reduction in the dimension of the problem, since
the velocity potential is expanded in a power series in terms of the vertical coordinate. This expansion
was used by Lagrange [2] and then developed by Bossinesq [3], and the modern form has been obtained
by Friedrichs [4] (see the review [5]). Different versions of the Boussinesq equation are related mainly
to the choice of the principal variables (see [6, 7]). Adopting Mei’s notation [8], we use the velocity
potential specified on the bottom F(x, y, ¢), and the free surface elevation n(x, y, t), as the principal
variables. Note that the function m can be expressed in terms of F.

There are two small parameters related to the Boussinesq equation: € — the ratio of the amplitude
to the depth (a measure of the non-linearity), and u — the ratio of the depth to the wavelength (the
variance). As in the classwal Boussinesq equation, we retain terms O(e) and O(u%) [but do not assume
the equality O(g) = O(%)].

The velocity potential specified on the bottom is expanded in a Fourier series in terms of the time

F(r,0,1) = U(r, 0) +S'(r, 8)sinot + C'(r, 0)cos ot + §*(r, 8) sin2w¢ +

- (1.1)
+C(r, 0)cos20t + ... + 8™ (r, 0)sinmar + C"(r, 0)cosmet + ...
The main result of this paper consists of explicit expressions for the functions
U(r,8), S'(r6)., C'(r0), 58, C(r6) (12)

up to orders € and [see formulae (4.1), (4.2), (5.1), (5.2), (6. 1) and (6.2)]. These functions are
homogeneous polynomials in the Bessel function Zy(wr) and Z ((or) and in trigonometric functions of
the angular variable 0, and their coefficients are polynomials in ™! and . Similar formulae are also given
for the function n. These expressions give periodic solutions of the Boussinesq equation with the same
accuracy as that with which the equation was obtained. Therefore, the result can be interpreted as a
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perlodlc solution of the equations of surface waves [see below, Eqs (2.2-2.5)], found with accuracy O(g)
and O(1?).
The three classical linear solutions [1] have the form

1) F(r,8,1) = Jy(wr)sinwt + Yy(@r)cosot (1.3)
2) F(r,9,1) = J,(®wr)cosOsinot (1.4)
3) F(r,8,1) = J,(0r)cos20sinwt (1.5)

An attempt to find the functions (1.2) with accuracy O(e) and O(u?) necessitates solving a Bessel-
type second-order inhomogeneous differential equation

Z'(n+ %Z(r) + (A + %)Z = goodo(@r)Yo(wr) + g Jo(@r)Y (r) +
r

(1.6)
+q,0d 1 (0Or)Yo(0r) + g, ] (0r)Y,(©r)
where g;; represents polynomials in r and .
We will seek a solution in the form
Z(r) = Qgolo(@r)Yy(wr) + Qg Jo(or)Y (0r) + Q,oJ (0r)Y(or) +
+ 0y, J (0or)Y,(o©r) 1.7

where Q;; represents polynomials in r and #~ with unknown coefficients. These coefficients are calculated
as solutions of an overdetermined system of linear algebraic equatlons (asin earher papers [9, 10], where
the same approach was used to describe, up to terms of order €2, ep? and p*, long periodic waves over
an inclined bottom). The general solution Eq. (1.6) is the sum of a particular solution, written out below,
and the general solution of the corresponding homogeneous equation, which is a linear combination
of Bessel functions.

In the cases examined, the compatibility of these overdetermined systems is a question of luck, and
there is no obvious reason for the systems corresponding to higher harmonics also to be compatible.
However, it can be assumed that the given expressions will be the first terms of the still unknown
three-dimensional exact solution of Eqs (2.2)-(2. 5) Exact three-dimensional solutions are unknown
at present, but below an “intermediate” solution is proposed (a solution of order € and p?) that, it is
hoped, describes more accurately the behaviour of long periodic waves compared with Lamb’s linecar
solution.

2. BASIC EQUATIONS

We will recall briefly the derivation of the Boussinesq equation in a form convenient for subsequent
presentation and introduce notation following, principally, Mei [8]. The dimensionless quantities are
introduced in the following way
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The pr1mes here correspond to physical variables: a; is the characteristic amplitude of the wave, &) is
the depth, / is the wavelength, g is the acceleration due to gravity, x’ and y’ are the horizontal coordmates

z' is the vertical coordinate at ¢ is the time. The scaled equation and the boundary conditions for
irrotational wave motion have the form

-2
(pxx+(Pyy+“' (pz,z = 0, "1 <z<£'r|(x, y. t) (22)

N +EQN, +EQN, - PP, = 0, z = en(x,y,1) (23)
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@M+ %e(wf +o)+enel = 0, z=en(xy, (2.4)
¢,=0 z=-1 (2.5)
where € and p are measures of the non-linearity and variance, defined by the formulae
e = aph, w =yl 2.6)
The potential @(x, y, z, ) is expanded in powers of the vertical coordinate
0(x5,20 = Y 2+ D)"F,(xy,1) (2.7)
m=0

Substituting expression (2.7) into Eq. (2.2) and equation each power of z + 1 to zero, we obtain [the
symbol V is used to denote the horizontal gradient (d/dx, 3/dy)]

22
___MVF, _
Fm+2 - —(m+2)(m+1)’ m = O) 1,2, e (2.8)
The boundary conditions on the bottom (2.5) give
Thus, @ can be expressed in terms of Fy(x, y, )
9 = F- i’ e+ )’V'F+ Lut(e+ D*VPF+ 0(u”) (2.10)

the (zero subscript in the function Fy(x, y, t) has been omitted here and below).

Expression (2.10) satisfies Eq. (2.2) and boundary condition (2.5). Substituting expression (2.10) into
conditions (2.3) and (2.4) we obtain the Boussinesq equations for the two functions: the potential on
the bottom F(x, y, t) and the free surface elevation n(x, y, )

N+eVNeVF+(1+ en)V2F - équzV?‘F =0 (2.11)

n+F,- %p.szF, + %S(VF)Z =0 (2.12)
These equations are equivalent to the equations given by Mei [8], Ch. 11, Eqgs (1.16) and (1.17).

In order to express the function specifying the free surface elevation n(x, y, 7) in terms of the functions
F(x,y,t) and its derivatives, we use the expansion

n="Ny+ nzllz + n4u4 + O(l»lé)
The substituting this expression into Eq. (2.12) we obtain the formulae
1 2 1
T]O = _Ft—z(Fi-"Fy)e’ le = Z(Fxxt"-Fyyt) (2‘13)

Subsequent substitution of expressions (2.13) into Eq. (2.11) yields a unique equation for the function
F

1 1 1 1 1 2
- Ftt + Fxx + Fyy + (inxtt + iFyyu - ngxxx - ngyyy - §Fxxyy)u +
+(=2F,F,,~2F,F,,~F,F,—F,F)e = 0 (2.14)

or in polar coordinates (r, 6)
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1 1 2 1 1
_Ftt+_2F99+;Fr+Frr+("’_z'FOFGt"_iFtFGB_;FtFr—ZFrFrt_FtFrr)£+
r r r

2 1 1 1 1 1 1 1
< L F. L A F +4 - —_ F -
+ [ “Foo+ —Foon 6r4Feeee 6r3F, + 2rF’" + 3r3F,ee + 6r2F" + 2F,m
1 1 1 2 '
—3_;2'Frr90 - 3_;.Frrr_ éFrrrr]u =0 (215)

3. THE PERIODIC PROBLEM

We will assume that the solution of Eq. (2.15) is periodic with respect to time and can be expanded in
a Fourier series in a certain region, excluding the neighbourhood of the axis of symmetry, i.e.

F(r,8,1) = u(r, 8)€ + (Sgo(r, 8) + Sg,(r, )’ sinet + (Cpo(r, 8) + Cop(r, O)u”) cos oz +
+(83(r, B)e)sin2w1 + (Clo(r, O))cos20r + ... (3.1)

The form of the coefficients of sin mo¢ and cos mwt is determined by recurrent calculations using the
solution of Eq. (2.15).
In the zeroth order we have the following linear problems for g (r, 8) and Ch, (7, 6)

!
©"Sbo + 5Shose + +Skor + Siary = 0 (32)
r

1

(oZC(’,O + %C&)ee + ;Cf)o, + C(I)O,, = 0 (3.3)
r

Their solutions, expressed in polar coordinates, can be represented in the form of the series

oy Jo(@r) + BoYo(wr) + (o J (0r) + B, Y (0r))cosO +

+ ...+ (o, J (@r) +B,Y,(wr))cosnd + ... G4
We will concentrate on three cases, corresponding to formulae (1.3)-(1.5).
Case 1
Seo = OgJo(@r) + BoYo(@r), Cop = YoJol@r) + 8y¥o(wr) (3.5)
Case 2
Spo = 0 J (@r)cos®, Cgy = 0 (3.6)
Case 3
Soo = 0pJp(200r)c0s28, Cgo = 0 (3.7)

The first solution was used to describe axisymmetrical wave motion with a periodic source at the centre
of the system of polar coordinates [1, Sections 191-195]. The second solution was used to describe the
simplest (but “most interesting”) case of regular non-axisymmetrical wave motion in a circular tank.
The third solution yields a crude presentation of 12-hour rising tides for a basin at the Earth’s pole,
bounded by a small circle of latitude. The aim of our subsequent examination is to provide the next-
order correction to these classical solutions.

We will denote by § = S(r) and C = C(r) the two solutions of Bessel’s equation

rZ, +Z,+@rZ = 0 (3.8)

and their derivatives will be denoted by $” and C”. The functions S(r), C(r), S'(r) C'(r) can be represented
in terms of Bessel functions as follows:

S(r) = apJo(or) +apYo(or), S'@) = o(-a, J(0or)-a,Y (0r))

C(r) = ayJo(@r) +aynYo(wr), C(r) = 0(-ay J (0r)-a,Y,(wr))
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4. CASE 1: AXISYMMETRICAL WAVES WITH A PERIODIC SOURCE

In the axisymmetrical case, formulae (1.1) acquires the form

F(r, 1) = u(r)e + (Sy(r) + Spu(r)*)sinot + (Chy(r) + Cop(rIu®) coswr +

(4.1)
+ 82 (r)esin2emt + Cig(r)ecos20f + ..., Sep(r) = S, Cop=C
Calculations yield explicit formulae for the coefficients
u=20
L L'
SOZ = "6_"S's C02 = —6"‘ (4.2)
%, = 92-’(52 ~CH+ %fi’r(ss' ~CC), Cly= aCsS+ ':‘-:—’r(sc +5C)
Substituting these expressions into formulae (3.12), we obtain
N7, 8,1) = Lig(r)e + (Py(r) + Po(nn’)siner + (Qog(r) + Qpp(ri’) cos oot +
+(P}y(r)e)sin2at + (Qiy(r)e) cos 20t (4.3)
Here
12
1 @’ ’r 1 1 . or,
POOZ(UC, P02=-2‘C+_‘6—_C', QO():—(DS’ Q02=““2—'S““‘6-_S
(4.4)
Pl = 20°CS + 3—‘*-’-5(05' +CS)
0} = 0X(C? -5 )-3(C* 5%
Special cases
Assuming
-1 -1
A, =-0, a3 =0, a =dy=0 (4.5)
we have S(r) = -0 ' Yy(er) and C(r) = & y(wr). Then, in the principal approximation, we obtain
n(r, 8,1) = Jy(@r)sinwz + Yy (0r)coswt
Consequently, when 7 — +eo
_ / 2 T . . . _ f | T
nr,6,1)= T—tm—r(cos(o)r—4)s1nmt+ sm(wr 4)coscot) = 2morsm(u)r 3 +0)t)
Thus, case (4.5) corresponds to a progressive wave while the case
ay =1, ap=a;,;=a, =0 (4.6)

corresponds to a standing (axisymmetrical) wave.

An axisymmetrical progressive wave generated by a point source in shown in Fig. 1 for ® = 0.6,
e =0.1, 4 = 0.3 and ¢t = n/o. The graph illustrates the dependence of the free surface elevatlon non
the radial coordinate . The continuous curve is the non-linear solution (of order € and p?), and the
dashed curve is the linear solution. On the wave corresponding to the new solution, the front slope is
steeper, while the rear slope is shallower.
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5. CASE 2: NON-AXISYMMETRICAL WAVES (STANDING WAVES IN

A CIRCULAR TANK)

We will assume that the solution is periodic with respect to time and can be expanded in a Fourier

series in the region obtained by eliminating the neighbourhood of the axis of symmetry:

F(r,0,1) = u(r, 0)g + (Cay(r, 0) + Cop(r, 0)1) cos @t + (§3,(r, 0)€)sin2at + ...,

C(l,o = Ccos®
Calculations yield
u=20

2
Cy, = -ﬂ(rmzc+ C)cos®

2 30’ 30 2}, (30
Sm—( 2.+ 28 rcC - 40) (T CC’+8C‘)c0529

The function C = C(r) is again the solution of Eq (3.9).
Substituting these expressions into formulae (2.13), we obtain

N(r, 6,1) = LY(r, B) + (Py(r, 8) + Poy(r, 0)p”) sinwr + (Q2y(r, 0)&) cos 200t

Here

4 2
L?o -2 Peos’o - (LCC'cosze - —1-—C'2

q 2r 47
5 3
P(l,o = ®C cosH, P(l)z = —%rCcose+m-3—C'cose
2 3 30
0% = o'C (—Zcos G‘Z) o cc(2 cos’0 + 22 rcos e)
+ C"Z(— Zl;— + imz - %mzcos 9)

(5.1)

(5.2)

(5.3)

(5.4)

The non-linear corrections proposed considerably alter the shape of the level lines. In particular, the

surface is never plane, unlike the classical linear solution.

The solution obtained for ® = 1.0, € = 0.2 and p = 0.4 is illustrated in Fig. 2, where the contours
(level lines n = 0.1, 0.2, 0.3, 0.4) of non-axisymmetrical waves (Case 2) for different values of t are
presented. The continuous curves are the solutions of order € and p?, and the dashed curves are the

classical Lamb solution.
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t=3n/4 t = 5n/6
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6. CASE 3: NON-AXISYMMETRICAL WAVES
(12-HOUR RISING TIDES)

Case 3 differs from Case 2 in that

clo = (- 0’C- %C‘)COSZG (6.1)

The following formulae are obtained
u=20
(04
C(l)2 = —-g-rC"COSZQ

4 2 2
Sl = 0'ct+ (29742 )cc+(_3£ + %]c% (62)

8 " r 47,

4 2 4 2
+ _“’—cz+(-2—‘"-+3‘° ’)ccw ~ 239102 cosd0
2 r g r2 4

Substituting these expressions into formulae (2.13), we obtain
N(r, 8, 8) = Lo(r, 0)& + (Pgo(r, 8) + Poy(r, O)u*)sinwr + QFy(r, 8)ecos 201 (6.3)

Here
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t=3n/4 t=51/6

-5 0 x 5 -5 0 x 5
Fig. 3
4 2 4
Py = co(— 0)2C-—%C')cos26, Pl = m(-%c (‘-‘:—+96—) )00526

P r r 2r 4

4 4 . S
Q%o = [_9_._&_2(9 JC +[_2_(°__gﬂ_2._(‘l+(_l}__3rm ]CC‘+

4 4 2 2 3
O o 5] .2 200 200 200 ® 3ro
+K7—~—2+0)]C +[——T——r———r——+2r 7 JCC“+

2 3 4
+[~£_2_2(_°+9_+?&—98—]C'2}cos46
r

The solutions obtained for ® = 1.0, € = 0.2 and u = 0.4 is illustrated in Fig. 3, where the contours
(level lines i = 0.1, 0.2, 0.3, 0.4) of non-axisymmetrical waves (Case 3) for d1fferent values of r are
presented. The continuous curves are the solution of order & and p?, and the dashed curves are the
classical linear Lamb solution.

7. CONCLUSION

There are at least two methods for reducing the three-dimensional problem of surface waves to a two-
dimensional problem:

(1) assume that the motion is not dependent on one of the horizontal coordinates;

(2) assume that the depth is small compared with the wavelength; this enables one to eliminate the
vertical coordinate from the number of independent variables in approximate shallow water theories
(Lagrangian approximations). Both these methods eliminate from consideration one of the spatial
coordinates.
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The second method, leading to classical Boussinesg-type equations, has been used above. For these
equations, three types of periodic solution have been obtained. They can be regarded as solutions of
the classical equations of surface waves (2.2)~(2.5) up to terms of order € and p?. Intermediate equations
are given for illustrating the method of derivation, but solutions corresponding to Cases 1 to 3 can be
checked by substituting into system (2.2)—(2.5) (using expression (2.10) for the potential). Linear versions
of these problems were the subject of the classical investigation in Lamb’s book [1, Sections 191-195].

We assume that these expressions are only the first terms of a certain series giving an accurate three-
dimensional solution of the equations of surface waves (2.2)—(2.5). The number of known accurate
solutions is fairly smail; in particular, no three-dimensional solutions are known.

The results were obtained by the method of undetermined coefficients as solutions of overdetermined
systems of algebraic linear equations (the cause of their compatibility remains unclear). These results
can be interpreted as the integrability of certain cubic expressions of Bessel functions.
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